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TOWARDS A DICTIONARY FOR THE 
BARGMANN TRANSFORM 

KEHE ZHU 


Abstract. There is a canonical unitary transformation from L^(R) 
onto the Eock space F^, called the Bargmann transform. The purpose of 
this article is to translate some important results and operators from the 
context of L^(R) to that of F^. Examples include the Eourier transform, 
the Hilbert transform, Gabor frames, pseudo-differential operators, and 
the uncertainty principle. 


1. Introduction 

The Fock space is the Hilbert space of all entire functions / such that 

\\fr= [ \f{z)\^dX{z)<oo, 

Jc 

where 

dX{z) = -e-\^\"dA{z) 

71 

is the Gaussian measure on the complex plane C. Here dA is ordinary 
area measure. The inner product on is inherited from T^(C, dX). The 
Fock space is a convenient setting for many problems in functional analysis, 
mathematical physics, and engineering. A sample of early and recent work 
in these areas includes [|l|71lll3l2B[23llM|25l|2i|27l[^[23[30ll3lll3l. 
See Il34l for a recent summary of the mathematical theory of Fock spaces. 

Another Hilbert space we need is (M) = (R, dx). We will consider 
the Fourier transform, the Hilbert transform, and several other operators 
and concepts on (R). The books IITtI HH [191 are excellent sources of 
information for these classical subjects. 

The Bargmann transform B is the operator from L^(R) —)■ F^ defined by 

Bf{z) = c [ 

Jr 
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where c = (2/7r)^/^. It is well known that 5 is a unitary operator from 
L^(R) onto see [IT^IT^[34ll . The easiest way to see this is outlined in 
the next seetion. Furthermore, the inverse of B is also an integral operator, 
namely, 

B-^f{x) = c [ 

Jc 

The Bargmann transform is an old eoneept in mathematieal analysis and 
mathematieal physios. In this artiole we attempt to establish a “dietionary” 
between L^(M) and that is based on the Bargmann transform. Thus 
we translate several important operators and oonoepts between these two 
spaees. It goes without saying that the diotionary is not oomplete, and it 
oannot be oomplete. Nevertheless, it eovers some of the most important 
operators and oonoepts in Fourier and harmonio analysis, for example, the 
Fourier transform, the Hilbert transform, Gabor frames, the standard oom- 
mutation relation, pseudo-differential operators, and the uncertainty princi¬ 
ple. 

We emphasize that we are presenting new forms of some classical results, 
although a few new results are also obtained along the way. Some of these 
new forms look very appealing and appear to have been overlooked in the 
past. It is our hope that this article will generate some new interest in this 
old area of mathematical analysis. 

I thank Hans Feichtinger and Bruno Torresani for their invitation to visit 
CIRM/Luminy in the fall semester of 2014. This paper was motivated by 
discussions with several visitors during my stay at CIRM. 


2. Hermite polynomials 

The standard monomial orthonormal basis for F^ is given by 

eniz) = \ ^z"-, n> 0. 

V nl 

Thus the reproducing kernel of F^ is 

°° _ ('rTTTi” 

K{z, w) = en(z)en(w) = ^^ 


n=0 n=0 

;^2 


n! 


The normalized reproducing kernel of F‘^ at the point a is given by 

ka{z) = 

Each ka is a unit vector in F^. 

To exhibit an orthonormal basis for L^(M), recall that for any n > 0 the 
function 


Hn{x) = (-l)V 


I 

dx'^' 
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is called the nth Hermite polynomial. It is well known that the functions 

hn{x) = ^ Hn{V2x), n>0, 

\/2^n\ 

form an orthonormal basis for where c = (2/%)^^'^ again. See lf34l 

for more information about the Hermite functions. 

Theorem 1. For every n > 0 we have Bhn = e„. 

Proof See Theorem 6.8 of ll34ll . □ 

Corollary 2. The Bargmann transform is a unitary operator from L^(M) 
onto F'^, and it maps the normalized Gauss function 

g{z) = {2/'Kfl^e-^\ 

which is a unit vector in L^(R), to the constant function 1 in 

That B maps the Gauss function to a constant is the key ingredient when 
we later translate Gabor frames with the Gauss window to analytic atoms in 
the Fock space. 


3. The Fourier transform 

There are several normalizations for the Fourier transform. We define the 
Fourier transform by 

It is well known that the Fourier transform acts as a bounded linear operator 
on L^(M). In fact, Plancherel’s formula tells us that F is a unitary operator 
on and its inverse is given by 

F-'(/)(x) = F f /(()e-2“*. 

It is not at all clear from the definition that F is bounded and invertible 
on L^(M). There are also issues concerning convergence: it is not clear 
that the integral defining F(/) converges in L^(M) for / G L^(M). The 
situation will change dramatically once we translate F to an operator on the 
Fock space. In other words, we show that, under the Bargmann transform, 
the operator F : L^(M) —)■ L^(M) is unitarily equivalent to an extremely 
simple operator on the Fock space F^. 

Theorem 3. The operator 

T = BFB-^ : F^ ^ F^ 

is given by T f{z) = f {iz) for all f G F^. Consequently, the operator 
T-i = BF-^B-^ : F^ F^, 
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where F ^ is the inverse Fourier transform, is given by T ^f{z)= f{—iz) 
forallf e F2. 

Proof. We consider a family of Fourier transforms as follows: 


FM){x) = 




where a is a real parameter with the convention that 1 /^ = i. 

For the purpose of applying Fubini’s theorem in the calculations below, 
we assume that / is any polynomial (recall that the polynomials are dense 
in and under the inverse Bargmann transform, they become the Hermite 
polynomials times the Gauss function, which have very good integrability 
on the real line). For c = (2/7r)^/^ again, we have 


F,{B-^f){x) = c. - / / f{z)e 




d\{z) 


c\l- / f{z)e-^d\{z) / dt 

Jc Jr 


= c 


TT ^ 

c\fae~ 


d\{z) / dt 


f{w)e 


^^-\-2iaxw 


d\{w). 


It follows that 


{BF^B-^f){z) = 


Zlxz—x^ — ^—cP'x^ 


dx / f{w)e 2 


^^+2icrxw 


d\{w) 


= dx / d\{w) 

Jr Jc 

= f f{w)e^ dX{w) [ da; 


= c" 


= c 


a 




(T^ + 1 


(TTF _££ 

-e 2 


+ 1 


e 2 I f(w)e 2 dX{w) / e dt 

Jr 

. (z+io-w)'^ 

f{w)e 2 <^^+1 dX{w) 


2a 


^\cr‘^ + l 2 


f{w)e 


2 cr^ + 1 


(T^ + 1 

In the case a = 1, we have F^. = F, so that 

(FFF-V)(;^)= [ fiw)F^^dXiw) = fitz). 


cr^ + 1 


’ dX{w). 
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In the case a = — 1, we have 

{BF-^B-^f){z)= [ fiw)e-^^^dXiw) = f{-tz). 

Jc 

This completes the proof of the theorem. □ 

The theorem above is probably known to experts, but we have been un¬ 
able to locate a reference for it. As a consequence of Theorem [3l we obtain 
an alternative proof of Plancherel’s formula. 

Corollary 4 (Plancherel’s formula). The Fourier transform is a unitary op¬ 
erator on L‘^(R): it is one-to-one, onto, and isometric in the sense that 

[ \F{f)\^dx= [\f\^dx 

forallf e L2(M). 

Note that it is a little vague how the Fourier transform is defined for a 
function in L^(M). But there is absolutely no ambiguity for the unitary 
operator f{z) i—)■ f{iz) on This operator is clearly well defined for 
every f E F'^ and it is clearly a unitary operator. 

The following result is clear from our new representation of the Fourier 
transform on the Fock space, because an entire function uniquely deter¬ 
mines its Taylor coefficients. 

Corollary 5. For each n > 0 the function hn is an eigenvector of the 
Fourier transform and the corresponding eigenvalue is F. Furthermore, 
the fixed points of the Fourier transform are exactly functions of the form 

CO 

f {x) ^ ^ ^ ^ • 

n=0 


To go one step further, we can completely determine the spectral proper¬ 
ties of the Fourier transform as a unitary operator on L^(M). 

Corollary 6. For each 0 < k < 3 let Xk denote the closed subspace 
o/L^(M) spanned by the Hermite functions hk+Am, m > 0, and let Pk : 
L^(M) —)■ Xk be the orthogonal projection. Then 

3 

L\R) = ^Xk, 

k=0 

and the corresponding spectral decomposition for the unitary operator F : 
L^(M) -)■ L^(M) is given by 

F = Po + iPi- P 2 - iPs- 
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In particular, each Xk is nothing but the eigenspaee of the Fourier trans¬ 
form eorresponding to the eigenvalue 

Finally in this seetion we mention that for any real 0 the operator Ug 
defined by Uef{z) = f{e^^z) is elearly a unitary operator on For 
9 = ±7:/2 the resulting operators are unitarily equivalent to the Fourier 
and inverse Fourier transforms on (M). When 0 is a rational multiple of 
TT, the strueture of Ue is relatively simple. However, if 6 is an irrational 
multiple of vr, the strueture of sueh an “irrational rotation operator” Ug is 
highly nontrivial. It would be interesting to find out the operator on L^(M) 
that is unitarily equivalent to Ug via the Bargmann transform. 

4. Dilation, translation, and modulation operators 

For any positive r we eonsider the dilation operator Dr : (M) —)■ (M) 

defined by Drf{x) = y/rf{rx). It is obvious that Dr is a unitary operator 
on L^(M). Furthermore, it follows from the definition of F, F~^, and Fr in 
the previous seetion that 


(FrF ^f){x) = y/r{FF ^f){rx) = y/rf{rx) = Drf{x). 
Therefore, eaeh Fr = DrF is a unitary operator on L^(M) with 

F-i = f-^d;^ = F-^Di/r, 


that is. 



Combining this with the proof of Theorem [3l we obtain the following form 
of the dilation operator Dr on the Foek spaee. 

Theorem 7. For any r > 0 let Tr = BDrB~^ on F^. Then 



for all f G F^. 

In this ease, the operator is mueh simpler on the spaee L^(M) than on the 
spaee F^. Therefore, it is unlikely that the Foek spaee will be helpful in the 
study of dilation operators on L^(M). Sinee the theory of wavelets depends 
on dilation in a eritieal way, we expeet the Foek spaee (and its assoeiated 
eomplex analysis) to be of limited use for wavelet analysis. See ifTSll for an 
applieation of the Bargmann transform to the study of the wavelet loealiza- 
tion operators. 

The situation is eompletely different for Gabor analysis (see next see¬ 
tion), where eritieal roles are played by the so-ealled translation and modu¬ 
lation operators, whose representations on F^ via the Bargmann transform 
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are much more useful. More specifically, for any real numbers a and b we 
define two unitary operators and on L^(M) as follows: 


TJ{x) = fix - a), M,fix) = e^-^^^fix). 


It is traditional to call Ta a translation operator and Mb a modulation oper¬ 
ator. See ifT^ for more information on such operators. 

To identify the equivalent form of Ta and Mb on the Fock space, we need 
the classical Weyl operators on Recall that for any complex number a 
the Weyl operator Wa on is defined by 


^afiz) = f{z - a)kaiz) = f{z - a)e 


where ka is the normalized reproducing kernel of F^ at a. It is well known, 
and it follows easily from a change of variables, that each Wa is a unitary 
operator on F^. See [l34ll for more information about the Weyl operators. 

Theorem 8. For any a G M we have BTaB~^ = Wa- 

Proof. For any polynomial / in F^ we have 



and 




/(■u, z) dA(u), 


where 


I(u,z) 


^—2x^+2xz+2ax+2xu 


R 


g(^+a+n)2/2 


^-2[x+(z+a+u)/2]'^ 


R 



(z+a+uf /2 
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It follows that 


BTaB-^f{z) = e 


= Q-^a?+az 


/(M)e-5“ -« -2au+^{z+a+u) 

JC 


= e-^'^+‘^J{z-a) = WJ{z). 


This completes the proof of the theorem. 

Theorem 9. For any real b we have BMbB~^ = W-t^u- 
Proof For any polynomial / in we have 


□ 


M,B-^f{x) = ( - ) e 


1 

2A 4 


2'Kbix 


f{z)e 


-(x-zf + ^ 


dX{z), 


and 

BMbB-^f{z) = 


2 .2 


eV / +^dX{u) 


\ -e^ [ f{u)e-^^'dX{u) [ dx 

V tt Jc Jk 


e-^ / f{u)e-'^ dX{u) / e-2^"+2^("+“+-^>d 


2 _^2 
e 2 

71 


Jc Jr 

dA(M) 


_5i 

e 2 


+TTbiz 


+ vrfe*) = W.^uf{z). 


□ 


The proves the desired result. 

Corollary 10. Let a and b be any pair of real numbers. Then we have 

B{M^Ta)B-^ = e^^^^Wa-^u. 

Consequently, ifg G L2(M, dx) and f = Bg. Then the Bargmann transform 
maps the function MfTag to the function e™^*lFa- 7 r 6 i/- 

Proof This follows from the two theorems above and the identity (2.22) on 
page 61 of Odil . □ 
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5. Gabor frames 

A sequence {/„} in a Hilbert space H is called a frame if there exists a 
positive constant C such that 

CXD 

c-ii/ir<^i(/./n>r<cii/f 

n=l 

for all / G -ff. The following result contains the most important properties 
of frames in a Hilbert space. 

Theorem 11. A sequence {fn} in a Hilbert space H is a frame if and only 
if the following conditions hold. 

(i) For any {cn} G l^ the series Cnfn converges in the norm topology 
ofH. 

(ii) For any f G H, there exists a sequence {c„} G such that f = 

E Cnfn- 

The result above is well known and is the foundation for the theory of 
frames. See ITT^ for this and other properties of general frames in Hilbert 
spaces. 

Let {on} and {bn} he two sequences of real numbers, each consisting of 
distinct values, and let g G L‘^{R). Write gn = Mb^Ta„g for n> 1. We say 
that {gn} is a Gabor frame for L^(M) if there exists a positive constant C 
such that 


C-'ll/f <5^K/.g„)|"<C||/f 

71=1 

for all f E L'^ (M). In this case, g is called the window function of the Gabor 
frame {gn}- 

By Theorem [TT] above, if {gn} is a Gabor frame, then every function 
/ G L^(M) can be represented in the form 

CX> 

/ ^ ^ Cngny 

n=l 

where {c„} G R and the series converges in the norm topology of L^(M). 
Conversely, if {gn} is a Gabor frame and {c„} G R, then the series above 
converges to some / G in the norm topology of L^(M). The repre¬ 

sentation is generally not unique though. 

There are two classical examples of window functions in Gabor analysis. 
Let g{x) be the characteristic function of the unit interval [0,1) and let 
{zn = an + ibn} dcnotc any fixed arrangement of the square lattice into 
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a sequence. Then {^f^} is not only a Gabor frame, it is also an orthonormal 
basis. To see this, it is more transparent to use two indices: 

9nmix) = X[n,n+I)(a:)e^”^™, (n,m) e 

Now it is clear that 

fix) = ^f{x)X[n,n+l){x) = ^fn{x), 

n^Tj nG'L 

where the functions fnix) = f {x)x[n,n+i)ix) are mutually orthogonal in 

L^(R). On the other hand, for each n G Z, the function fnix) is compactly 
support on [n, n + 1), so it can be expanded into a Fourier series: 

fnix) = ^ n<x <n + l, 

whose terms are mutually orthogonal over [n, n + 1). Therefore, we have 

/* (x) ^ ^ ^ ^ j 

{n,m)GZ'^ (n,m)sZ2 

where gnm = Mnflng are mutually orthogonal in Lf (M). 

Thus the characteristic function of the unit interval [0,1) is a Gabor win¬ 
dow, which is usually called a box window. 

Another important Gabor window is the Gauss function gix) = , 

which can be thought of as a smooth analog of the box window. However, 
it is not a trivial matter to see that the Gauss function is a Gabor window. 
It will become clear once we establish the connection with the Fock space. 
Furthermore, using the theory of Fock spaces, we will be able to know ex¬ 
actly which translation and modulation sequences give rise to Gabor frames 
for the Gauss window. 

First observe that the following result is a consequence of Corollary [TOl 

Corollary 12. Let {a„} and {bn} be two sequences of real numbers, each 
consisting of distinct points in R. Let gix) = e~^ be the Gauss window 
function. Then the system {gn = Mb^Ta^g} is a Gabor frame for L^(R) if 
and only if the sequence {kz^f} is a frame for where Zn = Un — 'xhin and 
kz„ is the normalized reproducing kernel of F'^ at Zn. 

The are many fundamental questions that Gabor analysis tries to address. 
Among them we mention the following two. 

(1) Characterize all window functions. Recall that we say a function 
g G L^(R) is a Gabor window if there exist two sequences {on} 
and {bn} such that {gn = MbfTa^g} is a Gabor frame. 

(2) Given a Gabor window g, characterize all sequences {on} and {bn} 
such that {MbfTa^^g} is a Gabor frame. 
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The most popular Gabor frames are eonstrueted using reetangular lattiees 
aZ X Sueh Gabor frames will be ealled regular. Slightly more general 
are lattiees based on eongruent parallelograms: uiiZ + 012 Z, where Ui and 
UJ 2 are two nonzero eomplex numbers whieh are linearly independent in 
Gabor frames based on sueh lattiees will also be ealled regular. 

Semi-regular lattiees are of the form {an}uji + {bm}uj 2 , where {an} and 
{bm} are two sequenees of distinct real numbers, and uii and U 2 are two 
complex numbers that are linearly independent in M^. These are lattices 
based on parallelograms of different sizes. The resulting Gabor frames will 
be called semi-regular. 

Irregular Gabor frames are constructed using an arbitrary sequence Zn = 

{an, bn) in R^. 

To understand the two questions raised earlier about Gabor frames, we 
need the notions of atomic decomposition and sampling sequences for 
Let {zn} denote a sequence of (distinct) points in C. We say that atomic 
decomposition for holds on the sequence {zn} if 

(1) For any sequence {c„} G the series 

CXD 

^ ^ Cnkzn {z) 

n=l 

converges in the norm topology of F^. 

(2) For any function f E there exists a sequence {c„} G P such that 

CO 

/(^) = ^CnK^. 

n=l 

We say that the sequence {zn} is sampling for F^ if there exists a positive 
constant C such that 

CO 

n=l 

for all f E See lf34ll for basic information about atomic decomposition 
and sampling in F^. 

Theorem 13. Given a sequence {zn = an — nbni] of distinct points in C, 
the following three conditions are equivalent. 

(1) The system {gn = M^fFa^g} is a Gabor frame for L^(R), where g 
is the Gauss window. 

(2) The sequence {zn} is sampling for F^. 

(3) Atomic decomposition for F^ holds on F^. 

Proof. Recall from Corollary [T^ that {gn} is a Gabor frame for L^(R) iff 
{kz„} is a frame for F^. Since (/, kf) = f{z)e~^'^^'^^, we see that is 
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a frame for if and only if {z„} is a sampling sequence for It is well 
known that { 2 ;„} is a sampling sequence if and only if atomic decomposition 
holds on {z„}; see [l34l for example. □ 


More generally, we have the following. 

Theorem 14. Suppose {a„} and {bn} are sequences of real numbers and 
g G L^(M). Then {Mb„Ta^g} is a Gabor frame for L^(M) if and only if 
i^znf} is a frame in F^, where Zn = On — Tibi, Wz„ are the Weyl operators, 
and f = Bg. 


Proof. This follows from Corollary [TOl again. 


□ 


Thus the study of Gabor frames for Lf (R) is equivalent to the study of 
frames of the form {Wz^f} in F^. In particular, Gabor frames with the 
Gauss window correspond to frames {kz^} in F^ which in turn correspond 
to sampling sequences {zn} for F^. 

Sampling sequences have been completely characterized by Seip and 
Wallsten. To describe their results, we need to introduce a certain notion of 
density for sequences in the complex plane. Thus for a sequence Z = {zn} 
of distinct points in the complex plane, we define 


F+(Z) 


lim sup sup 

R-^oo zsC 


ZnB{z,R)\ 


and 


where 


D (Z) = lim inf inf 

R^oo 2EC 


ZnB{z,R)\ 


B{z,R) = {w E C : \w — z\ < R} 

and \Z n B{z, R) \ denotes the cardinality of Z fi B{z, R). These are called 
the Beurling upper and lower densities of Z, respectively. The following 
characterization of sampling sequences for F^ can be found in ll3Tll32ll . 


Theorem 15. A sequence Z of distinct points in C is sampling for if and 

only if the following two conditions are satisfied. 

(a) Z is the union of finitely many subsequences each of which is sepa¬ 
rated in the Euclidean metric. 

(b) Z contains a subsequence Z' such that D~{Z') > I/tt. 


As a consequence of Theorems [T3] and [T5] we obtain the following com¬ 
plete characterization of Gabor frames in L^(R) associated with the Gauss 
window. 


Theorem 16. Let Z = {zn = Un — Tiibn : n > 0} be a sequence of points 
in C = R^ and let g{x) be the Gauss window. Then {MbfTa,,g} is a Gabor 
frame in L^(R) if and only if the following two conditions are satisfied: 
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(a) Z is the union of finitely many subsequences each of which is sepa¬ 
rated in the Euclidean metric. 

(b) Z contains a subsequence Z' such that D~{Z') > l/vr. 

Corollary 17. Let g be the Gauss window and Z = {zn = dn — Tri&n : 
n > D} be a sequence in C that is separated in the Euclidean metric. Then 
{Mb„Ta^g} is a Gabor frame for L^(M) if and only if D~{Z) > l/vr. 

The most classical case is when the sequence Z is a rectangular lattice 
in C, which is clearly separated in the Euclidean metric. Thus we have the 
following. 

Corollary 18. Let g be the Gauss window and a,h be positive constants. 
Then {M^hTnaQ : m, n G Z} is a Gabor frame if and only if ah < 1. 

Proof. When R is very large, it is easy to see that \Z n B{z.,R) \ is roughly 
'kR? j{nab). It follows that 

D-{Z) = D+{Z) = l/{nab). 

Therefore, according to Corollary [T71 {MmbTnaQ : m, n G Z} is a Gabor 
frame if and only if l/(7ra6) > l/vr, or a6 < 1. □ 

It is interesting to observe that, for the Gauss window, whether or not a 
rectangular lattice Z = {na + mib : n,m E Z} generates a Gabor frame 
only depends on the product ab. This was already a well-known fact (and 
a conjecture for a long time) before Seip and Wallsten gave a complete 
characterization of sampling sequences for the Fock space. The Bargmann 
transform allows us to obtain a complete characterization of (regular AND 
irregular) Gabor frames corresponding to the Gauss window. 

In addition to the Gauss window, we also mentioned the box window 
= X[o,i)(a;) earlier. In this case, the Gabor frame 

gmn{x) = X[n,n+i)(a:)e^”^™, (m,n) G 

is actually an orthogonal basis for L^(M). Via the Bargmann transform, we 
have 

f{z) = Bg{z) = c f 

Jo 

and the corresponding orthogonal basis for is given by 

fmn{z) = W^^J{Z) = f{z - Zmn)kz^„{z) = f{z “ 

where Zmn = n — mni for (m, n) eZ^. Although the box window and the 
associated orthogonal basis {gmn} are very natural in Gabor analysis, their 
counterparts in the Fock space have not yet been studied. 
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6. The canonical commutation relation 

There are two unbounded operators that are very important in the study 
of namely, the operator of multiplication by x and the operator of 

differentiation. Thus for this section we write 

Tf{x) = xf{x), Sf{x) = f{x), feL\R). 

It is clear that both of them are unbounded but densely defined. We will 
identify the operators on that correspond to these two operators under 
the Bargmann transform. 

Theorem 19. For f E F'^ we have 

BTB-^f(z) = i Izf(z) + f'(z)]. 


Proof. Let c = f ^ F'^ polynomial for the sake of using 

Fubini’s theorem). We have 


TB f{x) = cx f{w)e 


2xw-x^-^ 


d\{w), 


and so 








-e-^ / f{w)e-'^ d\{w) / 

2 .)c Jr 

^ [ f{w)e^^d\{w) [ dx 


= TT / f{w)e"^dX{w) / {x + —^ e dx 


z + w 


V2 


I f{w){z + w)e^^dX{w) 
c 

zfiz) + 4- f /He^^dAH 

dz Jr 


= ;;WW + /'W1. 


This proves the desired result. □ 

Theorem 20. For f E F‘^ we have 

BSB-^f{z) = f{z)-zf{z). 
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Proof. Let f E and c = (2/7r)^/"^ again. We have 
SB-^f{x) = c [ f{w){2w - 

Jc 

= 2c [ -2xB-^f{x). 

Jc 

Let g{x) denote the function defined by 2c times the integral above. Then 

Bg{z) = 2c^ [ ^2. f 

Jr Jc 

= 2c^e-^ [ Wf{w)e-^dX{w) [ 


= ^/2c^e-^ / wf{w)e-'^ dX{w) / dx 

Jc Jr 

= V2c^ [ wf{w)e^^dX{w) [ dx 


\Ph\(f f 
Jc 


wf{w)e^'^ dX{w) 


= V'{z). 


It follows that 


BSB-^f{z) = 2f'{z) - {zf{z) + f{z)) = f'{z) - zf{z). 

This proves the desired result. □ 

Let Ai = BTB~^ and A 2 = BSB~^. Thus 

^ifiz) = + zf{z)], A 2 fiz) = f{z) - zf{z). 

It is easy to verify that 

(yl2Ai - A,A2)f = /, / e Ff 

This gives the classical commutation relation as follows. 

Corollary 21. On the space L^(M) we have [5, T] = I, and on the space 
F‘^ we have [^ 2 , Ai] = J. Here I denotes the identity operator on the 
respective spaces. 

Note that if we simply define 

Mf{z) = zf{z), Df{z)=f{z), feF\ 

then we also have 

DM - MD = [D, M] = F 
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Thus the following problem beeomes interesting in funetional analysis: ehar- 
aeterize all operator pairs (potentially unbounded) on a Hilbert spaee sueh 
that their eommutator is equal to the identity operator. 


7. Uncertainty principles 


With our normalization of the Fourier transform, namely, 

the elassieal uneertainty prineiple in Fourier analysis takes the following 
form: 

jll/f <ll(:t-a)/|||I(i-6)/|l. 

where the norm is taken in L^(M), and a and b are arbitrary real numbers. 
See lfT^[T9l for this and for exaetly when equality holds. 

Thus the eorresponding result for the Foek spaee is 

l|l/f <ll(r-a)/||||(r-6)yii, 

where the norm is taken in the Foek spaee, the operator T (unitarily equiv¬ 
alent to the operator of multiplieation by x on L^(M)) is given by 

Tfiz) = ^{f{z) + zf{z)), 

and a and b are arbitrary real numbers. Reeall from Theorem [3] that in the 
eontext of the Foek spaee we have f{z) = f{iz). Therefore, the eorre¬ 
sponding uneertainty prineiple for the Foek spaee is 

\\f'{z) + zf{z) - af{z)\\\\if{iz) + zf{iz) -bf{iz)\\ > \\ff, 

where a and b are arbitrary real numbers. Rewrite this as 

ll/'(^) +zf{z) -af{z)\\\\f\iz) -izf{iz) +bif{iz)\\ > \\ff. 

Sinee the norm in is rotation invariant, we ean rewrite the above as 

ll/' + ^/-a/ll||/'-^/ + fe*/ll>ll/lP. 

Changing b to —b, we obtain the following version of the uneertainty prin¬ 
eiple for the Foek spaee. 


Theorem 22. Suppose a and b are real constants. Then 


ll/' + ^/-a/llll/'-^/-&*/ll>ll/ir 


for all f E (with the understanding that the left-hand side may be infi¬ 
nite). Moreover, equality holds if and only if 


2(c+l) 


+ 


a -f ibc 




f(z) = Ce^p 


c+l 
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where C is any complex constant and c is any positive constant. 


Proof. We only need to figure out exaetly when equality oeeurs. This ean 
be done with the help of the Bargmann transform and the known eondition 
about when equality oeeurs in the elassieal version of the uneertainty prin- 
eiple in Fourier analysis. However, it is aetually easier to do it direetly in 
the eontext of the Foek spaee. 

More speeifieally, we eonsider the following two self-adjoint operators 
on F^\ 

s,f = f + zf, S 2 f = t{f-zf), feFf 

It is easy to eheek that Si and S 2 satisfy the eommutation relation 
[ 5 i, ^2] = ^1^2 - ^2^1 = - 2 */. 

By the well-known funetional analysis result on whieh the uneertainty prin- 
eiple is usually based (see [fT^IT9ll for example), we have 

||(S,-o)/||||(S.-(>)/|| > l|(lS,,S2]/./)| = 11/11= 

for all / G and all real eonstants a and b. Moreover, equality holds if 
and only if (Si — a) f and (52 — b)f are purely imaginary sealar multiples 
of one another. It follows that 

with equality if and only if 

f + zf - af = ic[i(f - zf)+bf], (1) 

or 

iif - +bf = ic[f'+ zf - af], (2) 

where c is a real eonstant. In the first ease, we ean rewrite the equality 
eondition as 


(1 -f c)f + [(1 - c)z - (a + ibc)]f = 0 . 

If c = —1, the only solution is / = 0, whieh ean be written in the form (jS]) 
below with C = 0 and arbitrary positive c. If c 7 ^ —1, then it is elementary 
to solve the first order linear ODE to get 


f(z) = Cexp 


C — 1 r, 

— - -z 

2 (c+l) 


-f- 


a + ibc \ 
c-hl V ’ 


(3) 


where C is any eomplex eonstant. It is well known that every funetion 
f E F‘^ must satisfy the growth eondition 

lim /(z)e-l"l '/2 = 

2:^CXD 


0 . 


(4) 
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See page 38 of [f34ll for example. Therefore, a necessary condition for the 
function in ([3]) to be in is C = 0 or |c — 1| < |c + 1|. Since c is real, we 
must have either C = 0 or c > 0. When c = 0, the function in ([3]) becomes 

f{z) = C exp 

which together with dH) forces C = 0. The case of dH) is dealt with in a 
similar manner. This completes the proof of the theorem. □ 

The result above was published in Chinese in IfTOl . where several other 
versions of the uncertainty principle were also obtained. We included some 
details here for the convenience of those readers who are not familiar with 
Chinese. 



8. The Hilbert transform 


The Hilbert transform is the operator on L^(M) defined by 


Hf{x) = - 

IT 


f{t) dt 

t — X ^ 


where the improper integral is taken in the sense of “principal value”. This 
is a typical “singular integral operator”. 

The Hilbert transform is one of the most studied objects in harmonic 
analysis. It is well known that H is a bounded linear operator on L^(R) for 
every 1 < p < oo, and it is actually a unitary operator on L^(M). See lfT8l 
for example. 

In order to identify the corresponding operator on the Fock space, we 
need the entire function 





^ G C, 


which is the antiderivative of satisfying A(0) = 0. We will also need 
the following 


Lemma 23. We have 


dx = J^ 


for every complex number z. 

Proof. Let I{z) denote the integral in question. Then I{z) is clearly an 
entire function. Since 


I'{z) = 2 {x- dx = 


-\-oo 


= 0 , 
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we must have 


for all z e C. 


I{z) = /(O) = / dx = 


TT 


□ 


Given a function f E (we may start out with a polynomial in order to 
justify the use of Fubini’s theorem), we have 


Ti" Jm. 

_ 0’ 


t — X 

f' dt 


TT 


(I) 


t — X 


d\{z) 

r „2t'z—t^ 


TT 


Jc 


f{z)e 2 d\{z) 


t — X 


dt 


(I) 


TT 


fiz)e 


Zxz—x^—^ 


dX{z) 


t 


■ dt. 


Let us consider the entire function 

h{u) = 




t 


■ dt. 


We can rewrite this PV-integral in the form of an ordinary integral as fol¬ 
lows: 

— 1 ) 


h{u) = 


t 


The singularity at t = 0 and the singularity at infinity are both gone. Thus 
we can differentiate inside the integral sign to get 

h'{u) = 2 [ dt = 2^e'^\ 


Since h{0) = 0, we must have h{u) = 2^/^TA{u). Thus 

2c 

A 

Therefore, 

7-1 


HB-^f{x) = ^ I f{w)e^^^-^ -'^A{w-x)dX{w). 


Ic 


BHB-^f{z 
2^2 


2xz—x^ — ^ 


TT 


dx fiw)e 


2xW—X^ — ^:r- 


2 A{w — x) d\{w) 


[ f{w)e-'^dX{w) [ - x) dx. 


TT 
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Fix w and consider the entire function 


J{z)= / e" 


w — x) dx. 


We have 

J'{z) = 2 [ - x) dx 

Jr 

= [[2x-{w + z) + {w + - x) dx 

Jr 

= -I [ A(mJ - + 

2 Jr 

+ {w + z) [ - x) dx 

Jr 

= -- f +(W + ;2)J(;^) 

2 Jr 

= f ^-ix-z)^ dx+{w + z)J{z) 

2 Jtu 

+ {w + z)J{z). 


We can rewrite this in the following form: 

J(x)e-5(^+")' 


d 

dx 


2 


It follows that 


We are going to show that C(w) = 0. To this end, let x = —w in the identity 
above. We obtain 

C{w) = J{-w) + ^^A{-y/2w). 

F{W) = J{—w) = f e~‘^^^A{w — x) dx, 

Jr 

F{u) = [ A{u — x) dx, u E C. 


Let 


or 
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We have 


F'{u) = / da; 

Jr 

= 6^“' / da; 


= \/^e 


{V2uy^ 


It follows that 

F{u) = ^A{V2u) + C. 

Since ^4(0) = 0 and A{u) is odd (because e“^ is even), we have 

F(0) = [ e-^^"A{-x) dx = 0. 

Jr 

This shows that C = 0, or 

F{u) = ^A{V2u). 

Going back to the formula for C{w), we obtain 

C{w) = + ^A{-V2w) = 0, 

because A{u) is odd again. Therefore, 

and 


n ^ ( z-w\ 1 


72 


g2; 




TT Jc 

2 i ( z — w 


72 


f{w)e^^A 


dX{w] 


/TT dc ' ' V 72 

We summarize the result of this analysis as the following theorem. 

Theorem 24. Suppose A{z) is the anti-derivative ofe^^ with A(0) 
T = BHB-\ Then 

Tf(z) = (^ 2 ^) d\(w) 


d\{w) 


0 and 


for f E F"^ and z & C. 
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This appears to be a very interesting integral operator on the Fock space. 
Note that we clearly have 

T{1){z) = -^a( ^ 


\V2j' 

which must be a function in The following calculation gives an alternate 
proof that this function is indeed in 

Lemma 25. The function 




belongs to the Fock space F^. 
Proof. Since 


^2 

e = 


E 

n=0 


^2n 


we have 


and so 


Mz) = E 


(2n + l)n! 


2 : 


2n+l 


n=0 


1 


/w = TTfE 


2nH-l 


(2n + l)2-n! 


n=0 

CXD 


-v/2 ^ (2n + l)2"-n! 

where {e„} is the standard monomial orthonormal basis for F^. It follows 
that 

(2n + l)! 


E 


2 ^ (2n + l)24^(n!)2‘ 


By Stirling’s formula, it is easy to check that 


E 

n=l 


n 


3/2 


< CXD. 


This proves the desired result. 


□ 


A natural problem here is to study the spectral properties of the integral 
operator T above (or equivalently, the Hilbert transform as an operator on 
L^(R)): fixed-points, eigenvalues, spectrum, invariant subspaces, etc. Not 
much appears to be known, which is in sharp contrast to the case of the 
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Fourier transform. Recall that Corollary [Ogives a complete spectral picture 
for the Fourier transform F as an operator on 

Motivated by Theorem [24l we consider more general “singular integral 
operators” on of the form 

Sv>fiz)= f fiw)e''^ip{z-w)dX{w), 

Jc 

where 99 is any function in The most fundamental problem here is to 
characterize those 99 G F^ such that is bounded on F^. 

To show that the problem is interesting and non-trivial, we present several 
examples in the rest of this section. 

If (^ = 1, it follows from the reproducing property of the kernel function 
that is the identity operator. 

If (p{z) = z, it is easy to verify that 

S^f{z) = zf(z) - fiz), 

which shows that is unbounded on F^; see EUl. This may appear dis¬ 
couraging, as the function ip{z) = z appears to be as nice as it can be (except 
constant functions) in F^. But we will see that there are many other nice 
functions that induce bounded operators S^. 

First consider functions of the form Lp{z) = e^“. An easy calculation in 
[1^ shows that 

where are the Weyl operators (which are unitary on F^). Thus is 
bounded if and only if a is real, because the only point-wise multipliers of 
the Fock space are constants. 

Next, it was shown in lf35l again that the operator induced by (p{z) = 
where 0 < a < 1/2, is bounded on F^. Furthermore, the range for a 
above is best possible. 

Finally, it was observed in [l35ll that the Berezin transform of is given 
by 

{S^k^,kz) = ip{z-z), zeC. 

Therefore, a necessary condition for to be bounded on F^ is that the 
function be bounded on the imaginary axis. It would be nice to know 
how far away is the condition from being sufficient as well. 

9. Pseudo-differential operators 

In this section we explain that, under the Bargmann transform and with 
mild assumptions on the symbol functions, Toeplitz operators on the Fock 
space are unitarily equivalent to pseudo-differential operators on (R). 
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Recall that if (^ = (p(z) is a symbol function on the complex plane, the 
Toeplitz operator on is defined by T^f = P{(pf), where 

P : L\C,dX) 

is the orthogonal projection. We assume that cp is good enough so that the 
operator T<^ is at least densely defined on 

To be consistent with the theory of pseudo-differential operators, in this 
section we use X and D to denote the following operators on 

Xf{x) = xf{x), Df{x) = 

Both X and D are self-adjoint and densely defined on L^(R). We also 
consider the following operators on 

Z = X + iD, Z*=X-iD. 

There are several notions of pseudo-differential operators. We mention 
two of them here. First, if 

a = a(z,z) = y] 

is a real-analytic polynomial on the complex plane, we define 

a(Z, Z*) = '^a^nZ^Z*^ 

and call it the anti-Wick pseudo-differential operator with symbol a. 

Theorem 26. Suppose a = (t{z,z) is a real-analytic polynomial and p{z) = 
cr(T, z). Then Ba{Z, Z*)B~^ = T^. 

This was proved in [[35l . so we omit the details here. 

A more widely used notion of pseudo-differential operators is defined in 
terms of the Fourier transform. More specifically, if cr = (t(C, x) is a symbol 
function on = C and if / G T^(M), we define 

(^{D,X)f{x) = - [ [ e^"^^-y'^y{y)dydC. 

Jr Jr V ^ / 

We assume that a is good enough so that the operator a{D,X) is at least 
densely defined on L^(M). We call a{D,X) the Weyl pseudo-differential 
operator with symbol a. 

Theorem 27. Suppose p = p{z) is a (reasonably good) function on the 
complex plane. For z = x + i(J we define 

a(z) = cr(C,a;) = — [ dA{w). 

^ Jc 

Then Ba(D, X)B~^ = T^. 
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Again, this was proved in [f331 . Furthermore, the result was used in If^ 
to study Toeplitz operators on with the help of the more mature theory 
of pseudo-differential operators on 


10. Further results and remarks 


For any 0 < p < oo let denote the spaee of entire funetions / sueh 
that the funetion /(^)e“5l^l^ belongs to L^(C, dA). For p < oo and f E 
we write 


p _ 

FP 


JL 

271 


fiz)e 




dA{z) 


For / G F°° we define 


||/|tF«=sup|/W|e-il-'P. 

z(7C 


These spaees F^ are also called Fock spaces. 

Let / G and let c = (2/7r)^/^. We have 


\Bf{z)\ < c||/||oo|e 



^2xz—x^ 

Jr 



= c 


dx 


— fRe (2^)+(Re 2)^ / —(a:—Re 2)^ 


2 


dx 


= cv^||/||ooe2 


|2|2 


Here we used the elementary identity 

-^Re + (Rez)^ = 

which can be verified easily by writing z = u + iv. Therefore, we have 
shown that 

||5/||f“ < cv^ll/lloo 

for all / G In other words, the Bargmann transform F is a bounded 

linear operator from L°°(M) into the Fock space F°°. By complex interpo¬ 
lation (see [[34]l l. we have proved the following. 


Theorem 28. For any 2 < p < oo, the Bargmann transform maps L^{Wj 
boundedly into F^. 


It would be nice to find out the mapping properties of the Bargmann 
transform on the spaces Lp(M) for 0 < p < 2. A more tractable range may 
bel<p<2orl<p<2 . 

Among other mapping properties of the Bargmann transform we mention 
the following two: if Sq is the Schwarz class, what is the image of So in F^ 
under the Bargmann transform? And what properties does Bf have if / is 
a function in L^(M) with compact support? 
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One of the fundamental questions in Gabor analysis is to eharaeterize 
all possible window funetions. Via the Bargmann transform we know that 
this is equivalent to the following problem: eharaeterize all funetions g G 
sueh that {Wz^g} is a Gabor frame for some C C. In terms of 
“atomie deeomposition”, this is also equivalent to the following problem: 
eharaeterize funetions g E sueh that for some {zn} we have “atomie 
deeomposition” for F^: funetions of the form 

OO 

f = '^CnWz„g, {Cn}el^, 

n=l 

represent exaetly the spaee F^. 

Another well-known problem in time-frequeney analysis is the so-ealled 
“linear independenee” problem; see [l22l . More speeifieally, given any fune- 
tion g e F^(M) and distinet points Zk = ak + ibk, I < k < iV, are the 
funetions 

gkix) = Ma^Tb^gix) = - a^), 1 < A: < iV, 

linearly independent in F^(M)? Via the Bargmann transform, this is equiv¬ 
alent to the following problem for the Foek spaee: given any nonzero fune- 
tion / G F^ and distinet points Zk ^ C, 1 < k < N, are the funetions 

WzJiz) = - Zk), l<k<N, 

always linearly independent in F^? Equivalently, are the funetions 
fk{z) = - Zk), l<k<N, 

always linearly independent in F^? 
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